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Abstract
By using the Born–Infeld action we show that the m circular fundamental strings, n D2-branes and k D0-branes could become
a tubular bound state which is prevented from collapsing by the magnetic force in the Melvin background. However, if the ratio
m/n is larger then a critical value the tube will become unstable and collapse to zero radius. We make analyses to find the
critical value and tube radius therein. The tube configurations we found are different from the well-known tubular bound states
of straight fundamental strings, D0- and D2-branes, which are supported by the angular momentum.
 2004 Elsevier B.V. Open access under CC BY license.1. Introduction
In an interesting paper [1–3], Mateos and Townsend
showed that a bunch of straight fundamental strings
with D0-branes can be blown-up to a tubular D2-
brane. The tube configuration is supported against
collapsing by the angular momentum generated by the
crossed electric and magnetic Born–Infeld (BI) fields
of the straight fundamental strings and D0-branes, re-
spectively. The background in this case is trivial as
there is no external force as that in the Myers effect [4]
in which the external RR four-form field could expand
D0-branes into the fuzzy sphere to stabilize the sys-
tem.
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Open access under CC BY license.In this Letter we will use the Born–Infeld action to
find a new tubular configuration in the Kaluza–Klein
Melvin magnetic tube spacetime [5–8]. We will show
that the magnetic force from the Melvin background
could prevent the tubular bound configurations of m
circular fundamental strings, n D2-branes and k D0-
branes from collapsing. However, if the ratio m/n is
larger then a critical value then the tube will become
unstable and collapse to zero radius. We present a
simple analysis to find the critical value and tube ra-
dius. We discuss the physical reasons of how would
the tube radius and critical value depend on the num-
bers of m and n. We also show that tubular bound state
of m circular fundamental strings, n D2-branes and k
D0-branes do not exist in the homogeneous magnetic
background [7].
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The Melvin metric [5] is a solution of Einstein–
Maxwell theory, which describes a static spacetime
with a cylindrically symmetric magnetic flux tube. The
ten-dimensional Melvin metric we used is described
by [8]
ds210 = Λ1/2
(−dT 2 + dym dym + dZ2 + dR2)
+ Λ−1/2R2 dΦ2,
(2.1)e4φ/3 = Λ ≡ 1 + f 2R2, AΦ = B˜R
2
2Λ
,
where the parameter f is the magnetic field along the
z-axis defined by f 2 = 12FµνFµν |ρ=0 and φ is the
dilaton field. This spacetime, as described in [8], could
be obtained by the reduction from 11d with AΦ being
RR type IIA vector.
The Born–Infeld Lagrangian of tubular bound state
of m circular fundamental strings, n D2-branes and k
D0-branes, for unit tension, is written as [1,10]
(2.2)L= −ne−φ√−det(g + F),
where g is the induced worldvolume 3-metric and F is
the BI 2-form field strength. If we take the worldvol-
ume coordinates to be (t, z, ϕ) with ϕ ∼ ϕ + 2π , then
we may fix the worldvolume diffeomorphisms for a
tubular topology by the ‘physical’ gauge choice
(2.3)T = t, Z = z, Φ = ϕ.
For a static straight tube solution of circular cross sec-
tion with radius R the induced metric is
(2.4)ds2(g) = Λ1/2(−dt2 + dz2)+ Λ−1/2R2 dϕ2.
We will allow for a time-independent electric field E
and magnetic field B such that the BI 2-form field
strength is [1,10]
(2.5)F = E dt ∧ dϕ + B dz ∧ dϕ.
Note that the tubular solution we searching are the n
static cylindrical D2-branes of radius R binding with
m circular F-strings and k D0-branes. The BI 2-form
field strength we considered is described in (2.5). Thus
the circular F-strings are fusing inside the D2 world-
sheet by converting itself into homogenous electric
flux. As the direct along the electric is a circle withradius R the open strings now stretch around the cir-
cle and the two ends join to each other with a finite
probability [9–11].
It shall be mentioned that the supertubes consid-
ered in [1] have the BI 2-form field strength F =
E dt ∧ dz + B dz ∧ dϕ. Thus the F-strings are along
the z axial, which is different from our system. Note
that the EM-fields in [1] will generate an angular mo-
mentum to stabilize the tubular D2 brane and prevent
its collapsing to zero radius. Our tubular solutions are
prevented from collapsing by the magnetic force in the
Melvin background and therefore are different from
those in [1].
Under these conditions the Lagrangian becomes
(2.6)L= −n
√
R2 − E2 + B2√
1 + f 2R2 ,
and the momentum conjugate to E takes the form
(2.7)Π ≡ ∂L
∂E
= nE√
1 + f 2R2√R2 − E2 + B2 .
The conserved F-string and D0 charges are defined by
[1–3,9–11]
(2.8a)m = 1
2π
∫
dϕΠ,
(2.8b)k = 1
2π
∫
dϕ B.
The corresponding Hamiltonian density per unit length
is
H(B,Π,n,f )(R)
≡ ΠE −L
(2.9)=
√
R2 + B2
√
n2
1 + f 2R2 + Π
2.
In the case of f = 0, then for the fixed numbers of n,
Π and B , which corresponding to the fixed numbers of
D2-branes, F-strings and D0-branes, respectively, the
bound state of tube has a minimum energy at a finite
radius, as shown in Fig. 1.
To make more analyses about the solution we can
from (2.9) see that at large value of R the energy H ∼
|ΠR| which is an increasing function of R. Thus, if at
small value of R the energy was a decreasing function
then there will have a local minimum at finite R which
specifies the radius of the tube. Now, from (2.9) we
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(B,Π,n,f ) = (10,1,20,1). The energy density has a local min-
imum at finite radius R which is the radius of the tube.
have a simple relation
dH(B,Π,n,f )(R)
dR
(2.10)= n
2 + Π2 − B2f 2n2
B
√
n2 + Π2 R + O
(
R3
)
,
which tells us that if
(2.11)
(
Π
n
)2
< (fB)2 − 1,
then the energy is a decreasing function near R = 0
and we have a local minimum at finite radius R. In
conclusion, the Eq. (2.11) is the necessary condition
for the circular fundamental strings, D2-branes and
D0-branes to form a stable tubular bound state. In fact,
form the condition H ′(R∗) = 0 we can find the exact
solution of R∗
(2.12)R∗ = 1
f
√
n
Π
√
f 2B2 − 1 − 1.
This equation also shows that if the condition (2.11) is
satisfied then the tube has a finite value of radius R∗.
For the fixed values of f and B Eq. (2.11) tells
us that the maximum value of (Π/n) is
√
f 2B2 − 1.
The existence of the critical value means that there is a
maximum number of F-strings which could be bound
with the D0- and D2-branes to form a stable tube.
Physically, once this ratio was larger then the critical
value the magnetic force from the Melvin background
could not support the binding force of circular funda-
mental strings with D0- and D2-branes. Thus the tube
will collapse to zero radius. This is the main result of
this Letter.To conclude this section we will show that the uni-
form magnetic field could not give a magnetic force to
support the tube. The line element of ten-dimensional
spacetimes with uniform magnetic field is described
by [7]
ds2 = −
(
dt +
2∑
i,j=1

ij
f
2
xj dxi
)2
(2.13)+
2∑
i=1
dxi dxi +
9∑
m=3
dxm dxm,
in which f is the strength of the magnetic field and the
dilaton is constant. The BI Lagrangian (2.2) becomes
(2.14)L= −n
√
R2 − E2 + B2,
which does not depend on the strength of the magnetic
field f and thus the tube solution, if it exists, will be-
have as that in the flat space. It is easy to see that the
momentum conjugate to E is
(2.15)Π = nE√
R2 − E2 + B2 ,
and the Hamiltonian density becomes
(2.16)H(R) =
√
R2 + B2
√
n2 + Π2,
which is an increasing function of R and thus the tube
will collapse to zero radius. This means that the uni-
form magnetic field could not give a magnetic force to
support the tube.
3. Discussions
In this Letter we have used the Born–Infeld action
to find the tube-like configurations in the Kaluza–
Klein Melvin magnetic tube spacetime. We have
seen that the magnetic force from the Melvin back-
ground [8] could prevent the tubular bound configura-
tions of m circular fundamental strings, n D2-branes
and k D0-branes from collapsing. However, if the ra-
tio m/n is larger then a critical value then the tube
will become unstable and collapse to zero radius. We
have presented a simple analysis to find the critical
value and tube radius. We have also shown that tubu-
lar bound state of circular fundamental strings, D0-
and D2-branes do not exist in the homogeneous mag-
netic background.
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this Letter.
(1) It is known that the supersymmetry will be broken
by the presence of the magnetic field as the bo-
son and fermion will feel different force therein.
Thus the tube solutions we found in this Letter are
not the BPS configurations while the tubes found
in [1] had been proved to be a supersymmetric ob-
ject.
(2) The results of [1–3] show that the energy of a su-
pertube formed from N × m straight fundamental
strings and N × k D0-branes has the energy
(3.1)H= N |B| + N |Π |,
which is the same as the energy of N supertubes in
which each one is formed from m straight funda-
mental strings and k D0-branes. Thus these con-
figurations could be transfered to each other with-
out costing any energy. However, substituting the
tube radius R∗ of (2.12) into (2.9) we see that the
new tube have the energy
H(B,Π,n,f ) =
√
B2 +
√
f 2B2 − 1n − Π
f 2Π
(3.2)×
√
nΠ√
f 2B2 − 1 + Π
2.
This relation is different from (3.1) and therefore
depending on the magnitude of magnetic field f
(and, may be, the values of B, Π, n) a tube may
split into multiple tubes (or the multiple tubes
shall join into a single tube) to stabilize the sys-
tem [12]. The details remain to be analyzed.
(3) As the supertube of [1–3] is supported by the an-
gular momentum and angular momentum therein
is proportional to the number of F-string the tube
radius will therefore be proportional to the number
of F-string. This property is totally different from
our tube solutions. As our tube solutions are sup-
ported by the magnetic force in the Melvin back-
ground, while increasing the number of F-string
(i.e., Π ) will also increase the binding force of F-
strings with D0-, D2-branes and thus the radius of
the tube solution will decrease, as was explicitly
shown in (2.12).
(4) It is known that the tube solution in a flat space
found in [1–3] is prevented from collapsing bythe angular momentum, while the tube solution in
a Melvin space found in this Letter is prevented
from collapsing by the magnetic force. The liter-
atures in [13,14] had shown that a circular string
in a flat space could be prevented from collapsing
by the angular momentum. Therefore, it is natural
to ask the question of whether the magnetic force
(and what form it shall be) could prevent a ring-
like configuration (which may be a bound state of
the circular fundamental string and D-string) from
collapsing? The interesting problem remains to be
studied.
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